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CG ����� ���������
�! "$#

( %!&$'$(*)$+-,!.0/214365 )

1 7 8-9�:
;=<?> , @BADCFE (Conjugate Gradient GIHKJ , CGLNMFO

) PRQTS=UFVBWDX >ZY\[^]`_ZaFb LFced , fgQ
WDXRQZh ( ikjgl=i ) a QnmFo Lqp QqrBsDtRQZuwvnxyKz|{ ]`_ . v { > , }D~B���?QZu`���FX a|�e�D� O_�>D� , S�UFVBWDX`Q����K�����D� >F�K� d4� _ . ��|� � SkU�VRQ 1 �Dx��F�k�\�`��iK�=l (Incomplete

Cholesky GqHKJ , IC
LNMFO

) �D�¡ £¢ _ . IC �F� � ,¤B¥§¦©¨BªB«D¬ Q^D®£WBX �°¯£± WBX$²K³ c Q^´?Qµ > �D�=�B�D� O _ ª P¡ K¢ _ .
ce¶·c � x { , ¸TQ

S=U=V � p Qn�k�D¹�º�x^» b � >Z¼ ¨R�  B¢¾½ ,
p Q¿DÀ

CG P?Qn�£P\ÁFQ�SFUDVBÂ£�?QT�DXBÃgxKÄ^Å >��_ .Æ �kÇ`Èk�^É � �DXBÃDÊ£P � , ËBÌ`Í^Î IC �B� LÏ£Ð ]g_ ª P¡ K¢ _ . ¸TQ ª P � 80 ÑB� > O   >qÒÓ v ] , ÔKÕ��BX·Ë£ÌRÍ�ÎDÖK×£�¡ØeP L � Ï¡Ð ]?_ .[ ¿ , ËDÌ�ÍnÎ IC �D� � Argonne ÙDÚDÛ� DÜ�Ý¾v ]¿
PETSc

L Ï£Ð ]`_BÞ �KË Þ|ß l >q�Dà v ] , á �âKã ] d � _ [3][26]. [ ¿ , Hypre
L �¾³ä��X Þ �KËÞ?ß ��å { ] d � _ [15].

cæ¶\c
, ËFÌ£Í°Î IC ��� �ç l!è >Té|_£êDë Ég�?È �D[B� ¿ ��ì�íîc � �KQ=  ,ïBð a x`¢ [ ½kñ � � � .

p ¸T  , �¡òKó£ô � �¡õö O ¸ L > ñ _�÷TøDù ËFÌ�ÍqÎ IC �D�¡xFÜ�Ý¾v ] ¿
[17]. [ ¿ , Azte

L Ï¡Ð ]?_KÞ �gË Þ·ß lR� Sandia

ÙDÚDÛ� DÜ�Ý¾v ]kú ÜRv ] d � _ [2]. v { > ,
ÆBû

2ü P �ZýKþ c r£sDÿ£WBX � �F� O _ �k�¡�FQ��DXBÃ
ÊKP L£cZd , Grote

{ x �£à c ¿ SPAI[13] � Chow

x �Dà c ¿ ParaSails[11]
L �¾³ä�FX Þ �KË Þ|ß l¡�

ñ � å { ] d � _ .; ª , ��� � ËFÌ�ÍqÎeÃ > ñ`½ ê�ë É��gÈ � ��� O_ �DXBÃDÊ£P6�NÙBÚwv ] d � _ [16][23][24]. ¸ ]g� ,ê�ë É��gÈnQZÝ�� O _ Ë�Ì£Í°Î����
	 >��� d���� �¶ QZ�F��U�VFÊF¹`QDÁ ¶ {���� � �^Q � ��� (select)O _ L �?³ ì�� ª >���� � ª PB F¢ _ . v { > , Ç��el
É��Kf �ZýKþ c ¿ �DXBÃDÊ£P6�NÙBÚwv ] d � _ [25].[ ¿ , Benzi

{ > ñ?½ , r£sDÿ£WBX >��
� � �DXBÃBP
Qn�KòDóDô|Q��¡l
� ß È� >��
� � �"! � ²��NW �

ã ] d � _ [5]. [ ¿ , #�$&%Z¹�ºFP > ñ _ ��X�Ã�ÊDPLBcqd
, 'RJ { > ñ _ ABRB P [17] � ABRB P >( � d êBë É`�|È � ì=ígO _*) y { > ñ _ �BXBÃBÊ

P [16] x=Ù£Ú6v ] d � _ . ¸kQ,+ > �°�BX ù QkSDU
V\Q�- Y|� ª P > MultiGrid P
� AMG (Algebraic

MultiGrid) P � ²ex�¢ _ [31]. �DXBÃ?Q Æ r|Q�.&/��021 [12][14][26] � ² �4365 v ] ¿ � .

»87 0   � , IC �£�|¢ _ � � Ì�9gi;: IC �K� >�
�=< �£���£�B�wv ] ¿ ¯£± WBX?QnÿKWBX � r£s �> �F� c SFUDV£WBX ��>"? O _ ª P �°Ò Ó O _ [32].

¸ ] L�@�A Q ì�� ª � , BDC > ñ`½FE�GF��! > ( � dO   >^Ò Ó v ] , �£XK�D�8H AP1000
y   �£à v ]d � _ [27].

c°¶¾c
, »£ÙBÚ?Q�I�J � , }B~BP?Q ïFðK�L a|� ñg½NÌ49KiM: > O _ ¿�À > , ê=ë ÉK�`ÈqQ�NO Q L <*PK± �¡ò � �8Q O _ ¸ L > ñ|½ , �£X aSR

QgñR½ ;�T Q K�L Ã ��UB� ¿ L ¸�V > ¢ _ . [ ¿ , IC

�D��� < CG PRQn}F~B���\Á >Z��]`_ S�W ( X�Y ) �Z �F� � WBX L\[ Î]: É`Q^´?QT�F� > 	 <4^ � ¿ L
¸�V¡�\_ <�� I�J|Q ¦ �£ �¢ _ .

2
`ba 
��� �dcfe

� ® P Õ�g L"h WBX A(= (aij)) ∈ Rn×n � og��iµ ªB«D¬
Ax = b (2.1)

� }K~KP·Q ¦ �� g¢ _ @¡AKC£E (Conjugate Gradi-

ent G^HKJ , CG
LNMFO

) P¡ �� � ¸ L � ì"� _ . x, b� n
¨ f�Qq� [ Îj:©É ( ñ*k*l�m [ În: É L O _ . I> , W£X A xo_6pR =hKW£X|Q�q2r , i µ ª£«B¬ (2.1)� SFUDVg� < CG Pg k� ¶ ]R_ ¸ L xos`� .

¸£¸T  , SDU£V (preconditioning)
L � , K ≈ A−1L ��_ ñg³ � �ut � WBX K � L À ,

KAx = Kb (2.2)

QRñR³ >,v"^ O _ ¸ L ��w O . x6y � � �B� > ( �d � � CG P?Q^}B~\Ák  � SFUDV£WBX K
L\[ Î]: É

Qq´ � �=� O _ ¸ L >=�£_ . S=U�V`Q*z�{ � }F~�P`Q



ïDð a xku À { ] � ïDð [  ¡Q�}£~DET®Rx�_�� >��� O _ ¸ L xos`� . � �·� � SFUDV|Q ¦ �£ �¢ _ IC

�F�K  � , S=U=VDWFX K � ö���� À
	 ,
p Qq� ã ½ ¨

Q`ñg³ > �B� c ¿ y ¯£± WBX U(= (uij))
� � À _ .

A ≈ UT U = K−1. (2.3)

¸£¸^  ,
y $ <�� �
 “T” ��� 	 � � O . ¸kQ?ñ`³> W�X A � y ¯¡± W�X U

LTp Q � 	 UT Q�´·Q µ
 TrBs O _ �D� � �B�=�B�D��p?QTS�UFV L ÏKÐ ]`_ .[ ¿ , CG PRQn}F~£Égl£�DÁ >q��]`_ S=UFVBWDX L [
Îj:©É¡QZ´`Qn�k� � , S�WD� Z L X�YD� Z L �\³�����   � À { ]R_ .

2.1 IC(tol) ����� RIC(tol) ���
IC �D� � ( �k� ) �R� i¡�=ln�D� ��� h � ² � â �d �B�k� > �D� O _ �TQ=  ,

A�� ��÷�øFù xK¢ _ . �� Ð
, IC �B�g k�B��� «  �� � ¿ êBë Ég�?È ��� h

(=tol)  �N O (dropping)
O _ ª PKx£¢ _ . H£J=  � ,

¸�Q^�B� � IC(tol) �B� L Ï � . ¸�Q ª P � , SFUDV
WBX?Qnh a Q^mDo L SFUDV£WBX?Q�� ?�!#" Q�$&% �' �)( � > ÜkÝwv ] ¿ . IC(tol) �B�?Qn�£P � H�J >* O

.

• IC(tol) + ,�-�.#/
for i = 1, . . . , n

uii =

√

√

√

√aii −
i−1
∑

k=1

u2

ki (2.4)

for j = i + 1, . . . , n

uij = (aij −
i−1
∑

k=1

ukiukj)/uii

dropping fillins with tolerance

(2.5)

end for

end for

¬
(2.5) > ( � d , H�JKQ�N O 06L � W!³ .

if (|uij | ≤ tol) then uij = 0

end if

c°¶¾c
,
¬

(2.4) Q�l�m|Q�1Dô|QKÁkx
2 [ ¿ ��3 Qq®>D� ½ �B�gx
4·Ák 65 7 (breakdown)
O _ ¸ L x�¢

_ .
p ¸°  , P Õog L�h W�X >�P c d , V�7 � > 5�7£x8 <T� �`¸ L � m 9 O _ S�UFV LFced , RIC(tol) +

,?x Ò Ó v ] ¿ [1] [19]. ¸�Q^�B�g  � , A ≈ UT U +

R + RT − D
L �B� O _ . ¸B¸n  , D ��PB± WBX , R� µ ¬¾� � W£X LeO _ . RIC(tol) �£�`  � , êBë É

�`ÈqQ�N O � W4³ L�@ !B> , SkU�VFWFX`Q PF± �Bò >êBë É`�\È�Q�: P h >,P6� O _<;6��= � _ ¸ L  >5
7 �<? @?>BA �D £� _ . x"y � >B� ,

¬
(2.5) > ( �d êBë ÉR�|È uij

� N O O _ L < , uij
>,P6� O _ 2

�¡Q PB± �Kò uii, ujj
� ¨ Q`ñg³ >�C gED �"Q O _ .

if (|uij | ≤ tol) then uij = 0

uii = (1 + |uij |/√uiiujj)uii

ujj = (1 + |uij |/√uiiujj)ujj

end if

U 1 >¡êBë ÉR�|È uij

L P6� O _ 2 �gQ P£± ��ò
uii, ujj QqE&	BQ A�F � * O . ��QRQ P�G`��PD± �Bò
uii H %�  � � , W�X`Q P Õ a ¶ { , êkë É��gÈ uji

>P O _*PB± �Kò ujj � �"Q?Q P&GR>D��_ .

�

-

b

b

r

r

@
@

@
@

@
@@

uijuii

ujjuji

i I

j I

j Ji J

U 1: RIC(tol) �£� > ( % _KêBë É`�|È L C g v ]_*PB± �KòRQ P"�

2.2 SAInv KMLON
SAInv SFUDV � , WBX A Qnÿ£WBX A−1 �

A−1 ≈ ZZT (2.6)

L r£sB�B� O _ ª Pg �¢ _ . ¸�Q�SFUDV � , Benzi
{

> ñ¡½ , SAInv (Stabilized Approximate Inverse) PQSR L Ï�Ð ] ¿ [6]. SAInv SDU£V � , WKX`x P Õ"gL6h W£X|Q L < , V87 � > �£�|Q�5&7 � 8 ¸Bv � � ,

S=U=VDWFXgQn�k�¡xTW�X [ Îj: Ék´`Qq�=�¡ �TSU , �
²��DXBUDV > /D� ¿ ª Pg �¢ _ .



3

��� ��� ���

¸£¸^  � , IC �£�\Q��BX£Ã > ��� d � ì6� _ . IC

�=�gQqSkUkV�W�X¡Q�� ? ÂF� ( ñ�k CG P¡Q°}�~FÉ�l
��Q£Á=QTS�W ( X�Y ) � Z ��� � » b � >q¼ ¨|� ���
É�� ß	��
  ¡¢ _ .

p Q ¿£À , IC �£�|Q��£X£Ã ��� > Å c �?¸ L x�å { ] d � _ [18].
¨ > , ��� � Hxo- þg� IC �B�?QT�DXDÊ£Pg �¢ _ ËBÌ`ÍTÎ IC �B�L ÷køBù?> �K� d�� õ _ .

3.1 ������� IC(tol), ������� RIC(tol)

���
[ 	 , Ô  Q£ËDÌ�ÍqÎ IC �D� > ñ _ S�W ( X�Y ) �Z Q��£X£Ã > ��� d����`O _ [4][28]. U 2 > , Ô 
QKËBÌ`ÍTÎ IC �B� > ( � d , WBX?Q � 2B�Kò¡x��! 
v ]?_�"!# ( ñ�k£J ¯K± WBX UT Q � 2K��ògx%$ []?_ ËKÌRÍ�Î ( U 2 ÁDQ Bl 0, Bl 1, Bl 2, Bl 3 ��wO

) v { > , &?Ë�ÌKÍqÎ L ç lîè L Q P��('  � * O .ç l!è©® � 4
LNO _ . ¸�Q`ñg³ > , ËBÌRÍ�Î IC �B�

  � , S�W ( X"Y ) � Z �D�\Q��£X � W ��)&R¡> O _¿DÀ > , � 2B�Kò � SFUDV£WBX � � ? O _ L < ,
ç l

è "¡>ké¾_*� 2��¡ò � �+ 4v ]\_ .
c ¿ x � d , Ë

Ì`ÍTÎ IC �B�g  � ,
ç l!è©®`x�, � ] Ð , � _ « �

2D�£ò � �� O _-".# x0/�_ O _ .
p Q�z�{ , S�UFV

WFXgQZrFs.1FtKx02�J c , }�~ Eq®�x03�4 > , = O _
¸ L xos`� .; ª , »DÙDÚ¡ 05!³�6!7!8�9 IC(tol) +B, L � , �
2K�gò`x.$ [k]\_ Ë�ÌRÍ�Î ( U 2 ÁBQ BL 0, BL 1,

BL 2, BL 3) :^  � , ¢ { ¶ � À L ÀB¿ � h ñR½ _ <
� êBë É`�\È � SDUBV�W£X|Qn��ò LBc°d.; À _ L �
³ ª PR `¢ _ . ¸=QkU=	 > ñ\½ , }�~=Ek®·Q�3�4 �
, = �=< � _ ¸ L �6U�_ . v { > , �K�·Q
5#7 ��A> ¿FÀ > , ? 2.1 @¡  � õ ¿ êFë É��RÈ � N O O _ L< Q PK± �¡ò|Qo�8Q�U£V � W � ³ . HgJ , 6�7+8�9
RIC(tol) + , L Ï � .

3.2 RIC ACBEDGFIHKJMLKNPOPQKR
¸£¸^  � , A ≈ UT U

L �K�F�K�K� O _6� h � <
IC(tol) �D��¢ _ � � A ≈ UT U +R +RT −D

L �
�=�B�F� O _�� h � < Ì*9�iM: � : RIC(tol) �D� >( � d ,

y ¯F± W�X U QeÿFW=X � � À _ ¸ L � ì�� _
[9].
p Q ¿�À > , S�TZi DIÖ(U ÉD�£È (Gauss-Jordan G

H¡J , GJ
LZMBO

) P L*@�A Q^ÊK¹ ��Vgþ O _ .
¿ H

@
@

@
@

@
@

@
@

@
@

@@

Node 0

Node 1

Node 2

Node 3

WYX[Z\Y][^
W[X[Z_\[][^

W[X[Z_\[][^

Bl 0

Bl 1

Bl 2

Bl 3

U 2: Ë£ÌRÍ�Î IC �£� > ( � d , � 2K��ògx%�� v]?_�"!# ( ñ�k£J ¯K± W£X UT Q�&·Ë£ÌRÍ�Î L ç l
è L Q P"� (

ç l!è©® � 4)

c
, GJ P � i�p ªB«D¬ � �?Q ¿DÀ Qn® h �BPg  �D��
, ¢ � [  nÿDW�X � � À _ ¿�À Q°® h �FP L � 	 �% _ [8] [10][30]. GJ Pa`FyRQ^�FXFÃ > �£� d �*081

[21][22] ��325 v ] ¿ � . GJ P` kÿKWKX � � À _ L< , WDX U
L ÿBWDX U−1 x�& � y ¯B± WFX¡ K¢ _ ¸LN¶ {

, �.b þ QnWDX S �Zþ � d , H£J > * O ñ�³ >
�F�£Pgx�c { ]R_ .

• dfeEgPNPOihkjmlCnkLKNoOqp�r
S = I (3.7)

for j = 1, . . . , n

sjj =
sjj

ujj

(3.8)

for i = j + 1, . . . , n

uji =
uji

ujj

(3.9)

end for

for i = j + 1, . . . , n

for k = i + 1, . . . , n

ujk = ujk − uji

uii

uik

(3.10)

end for

sji = −uji

uii

sii (3.11)

end for

end for

¸�¸e  ,
¬

(3.7) � W�X � � L O _ . H y ¶ { , IC(tol)

�¡� ( ñ�k RIC(tol) ��� � [ l£i > c ¿ rgsKÿgW
X
p`�g�|x�H?JRQ·ñ|³ > c { ]¾_ . ¸FQ��g�gP �
IC(tol)AInv (AInv � Approximate Inverse Q M )

�B� ( ñ,k RIC(tol)AInv �B� L & � Ï � .



• IC(tol)AInv ��� F r �
for i = 1, . . . , n

uii =

√

√

√

√aii −
i−1
∑

k=1

u2

ki

for j = i + 1, . . . , n

uij = (aij −
i−1
∑

k=1

ukiukj)/uii (3.12)

dropping fillins with tolerance

(3.13)

end for

end for

∗ ∗ ∗ IC(tol) decomposition is over. ∗ ∗∗
W = U (3.14)

Z = I (3.15)

for j = 1, . . . , n

zjj =
zjj

wjj

(3.16)

for i = j + 1, . . . , n

wji =
wji

wjj

(3.17)

end for

for i = j + 1, . . . , n

for k = i + 1, . . . , n

wjk = wjk − wji

wii

wik

(3.18)

end for

zji = −wji

wii

zii (3.19)

end for

end for

IC(tol) �D��x���� c ¿ ö XRQ ¬ (3.14)   � , S�U
V�W�X U x ; ! � �%b þ EFX W > ï À { ] ,

¨ > GJ

P >��¾� d y ¯K± W£X Z Q^��ògx � [£_ . [ ¿ ,
¬

(3.19) > ( � d r£sDÿ£WBX ��>"? O _ WBX Z Qn�Kò
x	� L O _ . v { > ,

¬
(3.13) � IC(tol) �B� > ( �d � h (=tol) > ñ _BêDë É¡�RÈ^Q*N O Q 0"L U�Vg 

¢ ½ , IC(tol) �£� � [ lDi > c ¿ IC(tol)AInv �£�( ñ�k RIC(tol) �K� � [ lFi > c ¿ RIC(tol)AInv

�B� > ( % _ N O UDV � ¨ Q`ñg³ > W � ã ]R_ .

if (|uij | ≤ tol) then uij = 0

if IC(tol)AInv is adopted

then goto (3.14)

else if RIC(tol)AInv is adopted then

uii = (1 + |uij |/√uiiujj)uii

ujj = (1 + |uij |/√uiiujj)ujj

end if

end if

4 
�����
4.1 ������������������

1 ���! #"!$&%('*)�+ . �	 -,�+/.1032&4/5&6/ 7�8:9<;3=
. CG >@?BA	C&D&E/F#GH,�I/J&K k L-MN?O�P1Q�RTSVU

rk ? 2 W U#X	Y , ||rk||2/||r0||2 < 10−12

'[Z =]\N=(^�_ A/C ^&\�= . `#a/b1c#d x0 ,�+&.e0
0
^&\�=

. f&g 8#h ,Bi#j:k#lemon�p	q#' 8Hr i/j&s
' 1.0 �Bt-u:vNw1xey1z#{o' \B= .

�
1: �& e"#$1%|~} ��������

IBM eServer p5 �V��� 595������� �����V�������������V���
CPU Power5 (1.9GHz)

CPU � 16�� �¡ �£¢¥¤ 48GB

OS AIX 5L¦ �¨§�©�ª
XL Fortran 9.1«V¬��ªV©¯®�ª ¢ OpenMP

�
2: °1k S 81h ?3±1²³ ¬ ´�µ � ¶�·�¸¯¹ ¶�·�¸�¹ º�»

/
´¯µ �

TUBE1-2 21,498 459,277 21.4
��©½¼�¾À¿��¯®

[20]

NASASRB 54,870 1,366,097 24.9 Á¯ÂÄÃÅ�Æ�ÇÉÈ Ã [29]

TCASE 134,856 4,830,936 35.8 Ê�Ë�Ì�Í
ENGINE 143,571 2,424,822 35.8 Î �½Ï��Ê�Ë�Ì�Í [29]

SBEAM 352,496 13,528,771 38.4 Ê�Ë�Ì�Í
MODEL3 374,229 11,165,692 29.8 Ê�Ë�Ì�Í
GRID w 634,335 22,385,096 35.3

� �����
GRID s 838,395 13,566,835 16.2

� �����



�
2 �&°ek S ��� r�= 8 �H? 8eh 'N)@+ . �e?����

TUBE1-2 , R. Kouhia ?	� 81h�
 m� Q m/k���� ,

NASASRB
^

ENGINE , Florida ���@?�� 8!h�
 m
� Q m/k���������� [20][29]. �����! ]? 5 �:? 81h
,	"���#%$(?3d�& 7�'�( �	)� =381hH7�* v .

4.2 +-,/.1032�4-57680�9;:�
3
^ �

4 � 8 �:?3f#g 81h �3i:+@v=<�>�?]?�@
z&{� _ CG >-? CPU A�B�'DC%E \�= . F<. = @/z
{(, IC(tol) #1d , RIC(tol) #1d , IC(tol)AInv #1d ,

RIC(tol)AInv #1d]? 4 � 7�* v .
= � \ ,

�HG 7 , ,IKJ
IC #&d , RIC ##d , ICAInv ##d , RICAInv ##d^MLON \[=

.
I @	z/{@?�P�Q (=tol) , 0.01, 0.05, 0.1^

3 R8SUT#yHV=W , �/?X�Y�[Z�\^]1�A�B YO_ 9 � ;= \�?�' � �	EW = . CPU A�Be?�`1E], Fortran90

?�acbd�bfe�g etime '�� r 0 8T9H;!= .
�3G 7

,g
precond. h[,	@�z!{ ,

g
tol hN,OP�Q ,

g
fill-in (×106) h

,�@	z/{ 8&h�7�i�j � =�k�l U�m pB?=n/g ' � + . op , 106
7�* v .

g
Itr. hH,3I1J-L3g ,

g
pre-t hH,�@

z#{ 81h�q�r �	s \B= A�B ,
g
CG-t h@, CG >]?3I

J#�	 -?�A%B ,
g
tot-t h/,%���;� ?=]#��AtB<' IcJ£�

+ . u = , I&J@LBg]?	v 7 g
max h<,=Z%�1I#J@L�gXu7e7

CG > Y A#C \B9 � ;!=fwH^ ' � + .
�

3
^ �

4 ���^��x<? w:^ Y j �Hv .

• IC(tol) ##d ^ IC(tol)AInv ##d@, 8 �<? 8#h ?
�[� , y�� 2 �e? 8!h (

8!h
ENGINE, SBEAM)\ �!A&CW�z , A&C Y�{�| �O}�~#E 7�* v .

• ��� , RIC(tol) #/d ^ RIC(tol)AInv #/d@, 8 �
+#.<0�? 81hH7 A&C \ , A&C Y ~#E 7�* v .

• ��� n��(��� r 0�, , IC(tol) #1d Y A&C \B=38h
ENGINE, SBEAM ?	��] 7 \ , RIC(tol) #

d� _ ?�� Y IC(tol) #1d]?	��]��KS�\ _ 9#r .

�c�]?!<f>@zH{�?t������� , A:C Y ~HE 7c* v
RIC(tol) #edf�X��� RIC(tol)AInv #ed ?���](?��h�� R ��� r 0�>]? 4.3 � 7���� +@v . u = , �!�(?=%� � SAInv #1d]? � R ��� r 0c\ ��� +@v .

4.3 ����5�6�9;:
� hH� m�� � n OpenMP ' i � \ , k3���c��go'

1, 2, 4, 8, 16
^ T#yHV=We0�� ht� R '[F<. = . k��O�

��go?��� -' 16
^<\�= ?<,	�e �" Yt¡K¢ V�� =�£

�
3: f/g 8/h (TUBE1-2, NASASRB, TCASE and

ENGINE) �3i:+@v�@&z#{�� _ CG >]?tA�B
precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC - - max - - -

RIC 0.01 0.38 1973 0.19 10.80 10.99

ICAInv - - max - - -

RICAInv 0.01 0.71 2147 1.21 15.59 16.80

(a)matrix TUBE1-2

precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC - - max - - -

RIC 0.05 0.47 5987 0.2 71.4 71.6

ICAInv - - max - - -

RICAInv 0.05 0.34 7349 0.7 80.6 81.3

(b)matrix NASASRB

precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC - - max - - -

RIC 0.01 4.49 1743 4.5 200.4 204.9

ICAInv - - max - - -

RICAInv 0.05 1.02 5272 3.7 254.1 257.8

(c)matrix TCASE

precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC 0.01 3.46 453 2.6 29.8 32.4

RIC 0.01 2.96 874 1.8 50.7 52.5

ICAInv 0.05 1.57 1884 2.8 71.1 73.9

RICAInv 0.05 0.78 2127 1.4 62.2 63.5

(d)matrix ENGINE



�
4: f1g 8<h (SBEAM, MODEL3, GRID w and

GRID s) �3i:+@v�@&z#{�� _ CG >]?tA�B
precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC 0.01 10.61 556 11.0 164.4 175.4

RIC 0.01 9.02 1008 8.3 239.3 247.6

ICAInv 0.01 14.30 814 48.0 221.2 269.2

RICAInv 0.01 8.58 1282 32.1 267.1 299.3

(e)matrix SBEAM

precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC - - max - - -

RIC 0.01 6.57 2303 5.0 403.0 408.0

ICAInv - - max - - -

RICAInv 0.01 7.15 2486 20.2 418.8 439.0

(f)matrix MODEL3

precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC - - max - - -

RIC 0.05 5.46 4052 3.5 994.4 997.9

ICAInv - - max - - -

RICAInv 0.05 2.84 4435 8.0 926.3 934.3

(g)matrix GRID w

precond. tol fill-in Itr. pre-t CG-t tot-t

(×106)

IC - - max - - -

RIC 0.01 16.44 15749 9.6 5917.1 5926.7

ICAInv - - max - - -

RICAInv 0.1 2.43 40348 4.1 6958.0 6962.1

(h)matrix GRID s

������� pt�/me?������?���	 7* v . 
��KA�B<?
`eE(,�]<� 3 5 8-r �1?����Qo' � ��C�E \3= . u= 
���A�B1?	`#E@, Fortran90 ?Ya�b%d%b�e[g SYS-

TEM CLOCK '=� r 0 8H91;B= . �%�H?	� h!� R��� 7 , , A!C Y ~/E 9 @!z!{ 7�* v ��� � R RIC(tol)

@#z1{ ( �x ,
��G 7 , BRIC

^=L + ) � _ CG > ,

SAInv @�z�{ ( �tx ,
��G 7 , SAInv

^ L + ) � _ CG

> , RIC(tol)AInv @#z1{ ( �x ,
�;G 7 , RICAInv^DL + ) � _ CG >-?�� ht� R ' � � \�= . F<. = P

Q(, 0.1
^

0.05 ?O��](? 2 l:m&k 7 ,
* u;S � R��7 PHY 9 � ;�= ? 7 , P�Q Y 0.1 ?Y��]-?	�!�T'	��x

? � 7 ,YC%E \�= . u = ,
8#h ,�i�� 7�* v =t� ���

�&,�x��&j��%#H?�b�����+��! �� r Y , " {�# s�$]'
���@+]v	� Y � h �# �t� r 0
��cA�B Y�% � ;!=
? 7 , g%Q '�&:7 , 8/h ?'" {�# s�$]' 8&h Q@R S�U
?)(]?��& 7�i � \B= .�

5 �3� � 12 � I 8eh ��iH+-v '�& ��� 'N)-+ .�XG 7
,
g
precond. he,O@/z&{ ,

g
th h�,!k����K��g ,

g
fill-in (×106) h�,O@!z&{ 8#h:7Oi�j � =�k!l Um p
?=n	g]' � + . o p , 106

7�* v .
g
Itr. h ,[I/J�LNg ,g

pre-t hH,�@&z#{ 81h ? q�r �	s \B= A�B ,
g
CG-t h

, CG >H?�I&J&�! @?�A%B ,
g
tot-t h!,%�	��� ?=]#�

A�B ,
g
speedup h:,!k;���c��g Y 1 ? ^�_ ?�
���A

BH' 1.0
^1\3=T^/_ ? I k��!�X� 7 ?�
��KA�B<?��*

, + 9�j � g,+ g�-%��h]' IXJ*� + . A%B1?�o p ,
+&.e0�. ^ +Hv .

+ g�-t�], , k����K��g Y 1 ?!l<m
k<?	]1��A�B�' 1.0

^&\�=(^�_ � ,
I k����K��g 7 �h y �f� ; 0�/��M� =)0 5�1��:?�2 * ''2-+ . u =I#� ?�]e��A�Be?�v 7�3�4 ?Bg 4 ,/k;���c��g Y 16

? ^	_ 
��fA�B Y Z3\ % � ;	= \3?<'52:+ .
�

10 ?8eh
MODEL3 ?�@#ze{ SAInv

7
, IeJ(L�g ?Ov 7g

max he,YZt�1I#J@LBgcu 7#7 CG > Y A/C \N9 � ;=�w:^ ' � + .

�
5:
81h

TUBE1-2 �3i:+@v	� h ? PCG >]? �76
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. (×106) [s] [s] [s] up

BRIC 1 0.071 6137 0.04 28.45 28.50 1.00

2 0.070 6193 0.05 14.67 14.72 1.94

4 0.069 6275 0.04 7.44 7.48 3.81

8 0.068 6347 0.04 3.90 3.94 7.23

16 0.067 6514 0.05 2.80 2.85 10.00

SAInv 1 0.194 3363 0.80 20.20 21.01 1.00

2 0.194 3555 0.81 10.90 11.71 1.79

4 0.194 3416 0.81 5.32 6.13 3.43

8 0.194 3361 0.82 2.80 3.62 5.81

16 0.194 3426 0.83 2.00 2.83 7.42

RIC- 1 0.056 7603 0.08 37.49 37.57 1.00

AInv 2 0.056 7601 0.08 19.28 19.36 1.94

4 0.056 7601 0.08 9.76 9.84 3.82

8 0.056 7599 0.08 5.32 5.40 6.96

16 0.056 7600 0.08 3.41 3.49 10.78

�
6:
8/h

NASASRB �Ni1+<v[� h ? PCG >:? �86
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. (×106) [s] [s] [s] up

BRIC 1 0.201 10885 0.1 186.2 186.3 1.00

2 0.201 10883 0.1 76.4 76.5 2.44

4 0.199 10940 0.1 38.8 39.0 4.78

8 0.196 10938 0.1 20.4 20.6 9.07

16 0.189 11066 0.1 14.1 14.3 13.08

SAInv 1 0.576 11401 3.0 276.7 279.7 1.00

2 0.576 11410 3.1 138.4 141.5 1.98

4 0.576 11412 3.1 52.6 55.6 5.03

8 0.576 11398 3.0 25.8 28.8 9.70

16 0.576 11404 3.0 13.7 16.7 16.75

RIC- 1 0.111 14522 0.2 253.8 254.0 1.00

AInv 2 0.111 14519 0.2 115.9 116.1 2.19

4 0.111 14525 0.2 51.3 51.6 4.92

8 0.111 14521 0.2 26.0 26.2 9.68

16 0.111 14525 0.2 13.9 14.1 17.97



�
7:
81h

TCASE �3i:+@v	� h ? PCG >]? �76
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. (×106) [s] [s] [s] up

BRIC 1 0.845 5445 0.6 413.3 413.9 1.00

2 0.837 5482 0.6 214.0 214.6 1.93

4 0.815 5446 0.6 88.4 89.0 4.65

8 0.790 6945 0.6 48.5 49.1 8.43

16 0.731 7437 0.6 26.2 26.8 15.46

SAInv 1 2.125 6446 18.3 615.5 633.8 1.00

2 2.125 6449 18.4 323.1 341.4 1.86

4 2.125 6437 18.4 149.7 168.1 3.77

8 2.125 6443 18.4 56.8 75.2 8.42

16 2.125 6438 18.4 26.6 44.9 14.10

RIC- 1 0.328 7697 1.1 549.3 550.4 1.00

AInv 2 0.328 7686 1.1 272.5 273.6 2.01

4 0.328 7673 1.1 104.6 105.6 5.21

8 0.328 7676 1.1 50.4 51.5 10.69

16 0.328 7677 1.1 23.6 24.7 22.30

�
8:
81h

ENGINE �3i:+@v	� h ? PCG >]? �76
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. (×106) [s] [s] [s] up

BRIC 1 0.452 2612 0.3 112.2 112.5 1.00

2 0.408 2915 0.3 50.8 51.0 2.20

4 0.376 2997 0.3 24.1 24.3 4.63

8 0.362 3042 0.2 12.8 13.1 8.61

16 0.346 3074 0.2 7.9 8.2 13.78

SAInv 1 0.736 1390 6.6 69.1 75.7 1.00

2 0.736 1390 6.6 31.9 38.5 1.97

4 0.736 1390 6.7 15.7 22.4 3.38

8 0.736 1390 6.8 8.4 15.2 5.00

16 0.736 1390 6.7 5.0 11.7 6.49

RIC- 1 0.301 2904 0.5 130.0 130.4 1.00

AInv 2 0.301 2903 0.5 57.0 57.5 2.27

4 0.301 2903 0.5 25.3 25.8 5.06

8 0.301 2902 0.5 15.0 15.4 8.45

16 0.301 2902 0.5 9.1 9.6 13.59

�
9:
81h

SBEAM �3i:+@v	� h ? PCG >]? �76
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. ×106 [s] [s] [s] up

BRIC 1 0.604 2859 1.0 531.7 532.8 1.00

2 0.604 2859 1.1 276.4 277.4 1.92

4 0.601 3067 1.0 156.8 157.9 3.37

8 0.594 3261 1.0 85.8 86.8 6.13

16 0.581 3430 1.0 43.4 44.5 11.98

SAInv 1 .1304 1748 17.4 362.2 379.6 1.00

2 1.304 1748 17.5 185.6 203.0 1.87

4 1.304 1748 17.5 96.2 113.6 3.34

8 1.304 1746 17.5 50.2 67.6 5.61

16 1.304 1747 17.6 25.0 42.7 8.90

RIC- 1 0.410 4126 1.1 805.1 806.3 1.00

AInv 2 0.410 4121 1.1 412.0 413.2 1.95

4 0.410 4116 1.1 213.0 214.2 3.76

8 0.410 4106 1.1 113.3 114.4 7.05

16 0.410 4107 1.1 52.1 53.2 15.14

�
10:
8!h

MODEL3 �[ie+<v�� h ? PCG >:? �86
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. (×106) [s] [s] [s] up

BRIC 1 0.888 7413 1.0 1223.0 1224.0 1.00

2 0.882 7422 1.0 641.9 642.9 1.90

4 0.875 7443 1.0 317.1 318.1 3.85

8 0.860 7494 1.0 149.6 150.6 8.13

16 0.823 7615 1.0 66.8 67.8 18.06

SAInv 1 - max - - - -

2 - max - - - -

4 - max - - - -

8 - max - - - -

16 - max - - - -

RIC- 1 0.568 7875 1.2 1337.9 1339.1 1.00

AInv 2 0.568 7873 1.2 685.2 686.5 1.95

4 0.568 7872 1.2 354.3 355.6 3.77

8 0.568 7871 1.2 161.8 163.1 8.21

16 0.568 7870 1.2 75.8 77.1 17.37

�
11:
8#h

GRID w �Bi�+Hv=� h ? PCG >-? �!6
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. (×106) [s] [s] [s] up

BRIC 1 1.625 5457 1.9 1797.6 1799.5 1.00

2 1.620 5522 1.9 918.1 920.0 1.96

4 1.615 5553 1.9 468.9 470.9 3.82

8 1.574 5720 1.9 254.0 255.9 7.03

16 1.535 5762 1.9 161.2 163.1 11.03

SAInv 1 3.979 2504 52.8 912.7 965.4 1.00

2 3.979 2501 52.7 462.7 515.5 1.87

4 3.979 2501 53.7 251.4 305.2 3.16

8 3.979 2501 53.0 127.4 180.3 5.35

16 3.979 2501 53.0 69.4 122.3 7.89

RIC- 1 0.815 6458 2.3 2116.7 2119.0 1.00

AInv 2 0.815 6455 2.3 1041.1 1043.4 2.03

4 0.815 6454 2.3 537.0 539.3 3.93

8 0.815 6454 2.3 283.5 285.7 7.42

16 0.815 6454 2.3 152.8 155.1 13.67

�
12:
81h

GRID s �3i:+@v	� h ? PCG >]? �76
pre- th fill-in Itr. pre-t CG-t tot-t speed-

cond. (×106) [s] [s] [s] up

BRIC 1 3.796 35099 1.9 9411.3 9413.2 1.00

2 3.788 36218 1.9 4651.3 4653.2 2.02

4 3.768 38638 1.9 2736.9 2738.8 3.44

8 3.732 40237 1.9 1345.3 1347.1 6.99

16 3.705 43245 1.9 755.1 756.9 12.44

SAInv 1 9.712 14947 70.3 5155.8 5226.0 1.00

2 9.712 14947 70.7 2651.8 2722.4 1.92

4 9.712 14947 71.6 1392.0 1463.6 3.57

8 9.712 14947 70.3 692.0 762.4 6.86

16 9.712 14946 70.5 355.8 426.3 12.26

RIC- 1 2.439 40348 4.0 10291.7 10295.7 1.00

AInv 2 2.439 40345 4.0 5166.3 5170.3 1.99

4 2.439 40344 4.0 2684.5 2688.6 3.83

8 2.439 40342 4.0 1335.0 1339.1 7.69

16 2.439 40341 4.0 692.2 696.3 14.79



w ���N? � ���^��x<?���� Y 7]_ v .

• 16 k��!�X�Ä? ^!_ , ]<��A�B Y Z�\ % � ;!= ?
, RIC(tol)AInv @<z�{o? ^&_ Y 2 l@mek (

8
h

NASASRB, TCASE), BRIC(tol) #:dT? ^_ Y
2 l:m&k (

8eh
ENGINE, MODEL3) � \

0 SAInv @&z#{(? ^	_ Y 4 l�m/k 7�*:;!= .

• k3�!�X��g Y���� \B= ^	_ ?�A&CHu 7 ?3I1J-L
go�t� r 0 , BRIC(tol) #<d 7 ,	� J ^ �
� +
v�?H�/i \ 0 , SAInv @�z�{ ^ RIC(tol)AInv

@�z:{ 7 ,���%��ETL/g 7 T�� Y%_ 9�r .
w

?f�f����c =	� 1H'N)@+H?<, , SAInv @#z1{ ^
RIC(tol)AInv @#z1{ Y , � � � ��� + g �f� ;
0!@&z#{ 81h Y T j � 9#rKw:^ �������������
?��%� 7�* v ^�� u;�^�-v .

• RIC(tol)AInv @/z&{ 7	� s 9 @/z/{ 8#h ? k�lU�m p�?�n#g(,� 1i�!&��"]? 2 �:?�@&z#{(? ^_ �KS�\ _ 9$# 0&%(' w:^ Y&) r .

• SAInv @ zT{ 7 , ,
�

10 ? ^-_ ?��/�e�
AHC \/9@r l mHk Y * S , BRIC(tol) #-d ^
RIC(tol)AInv #&dH���&.10��!?BA	C Y }!~/E 7* v .

d�&��%�o'��KS+*�,]��-�.�+@v =%� � ,
�

13 �O�h ?�@!z&{� _ CG >-? 16 k��O�f�£' i � \�= �%]
? + g�-!�-?��@'!u ^��#= .

�cG ? 3�4 ?Ng 4 , I 8hH7 Z3\ + g�-�� Y�/ � ;	= @/z#{T'[):+ .
�

13 ?
�%����� , RIC(tol)AInv @&z#{ Y "]? 2 �:?�@&z#{
�Y�&.&0 + g�-!� Y0/ rwe^ Y j �ev . SAInv @�z!{^

RIC(tol)AInv @	z/{-,0� w ?���� � CG >@?NI&J
A!B&�!e \ 0 r z��K\ / r + g�-��]' )e+ Y �O@�z!{8&h ? q!r ?�132-,0� SAInv @!z!{-?�132-?=� Y z ;^+4:r

.
\N= Y ; 0��	@	z/{ 8&h ? qtr �%#('�� h y\N9&r ��]-�#,	�'"�5 7 ? + g�-%�], RIC(tol)AInv

@#z1{T?O� Y&/ # 9 v . u = , 16 k��!�X� '76(uHv
��� 9 ) g:k;�����É?[�%]H�&, RIC(tol)AInv @	z/{Y	8 �:� 9 v ^:9�j �Hv Y , @&;-?����*��<HL&?NgtQ'�&@7 ,�����<?)��	���� '�&>=�?-9 � ;!= .@&A � , 16 k/�!�X� ' i � \�= ��]T�%� r 0 ,

�
14 � SAInv @	z/{ ^ RIC(tol)AInv @!z/{@��� r 0 ,

@&z#{�� _ CG >]�!��Bev�@&z#{ 81h�q�r ?tA�B ^
CG >@?�I/J#�	 -?�AtB ^ ?%eNf]'!u ^��#= .

�cG ?
� (ratio) , CG >-?BI&J�A�B�' 1

^/\�=(^�_ ?�@/z
{KA�B�?�� * 7* v . SAInv @#z1{ ? ^/_ ?�@#z1{8&h!qtr ?�A%B&���&.10 RIC(tol)AInv @!z!{-? ^�_

? @ A%B Y �DC ( 	 10% ��x ) � % #£91;B=we^ Y j
�Hv . �#?��%� , SAInv @&z#{(? ^	_ ?����N� ,

) g
?&k/�!�X� ' i � \�=T^!_ @#z#{ 81h ' q�r +@v!A
B Y&E�F y:+@v ^[r ��)
G-,	)� 9$# 9H;!= .

�
13: � h ?�@	z/{�� _ CG >@? + g�-t�-? � � (16

k3�!�X� ? ^	_ )

Matrix preconditioning

BRIC SAInv RICAInv

TUBE1-2 10.00 7.42 10.78

NASASRB 13.08 16.75 17.97

TCASE 15.46 14.10 22.30

ENGINE 13.78 6.49 13.59

SBEAM 11.98 8.90 15.14

MODEL3 18.06 - 17.37

GRID w 11.03 7.89 13.67

GRID s 12.44 12.26 14.79

H
14: IKJ�L�M�N�O�PRQKS�T>U CG VRQ�W�X�YKZ[Q

S�T>U�Q�\0] (16 ^$_a`�bcQ�U&d )

Matrix SAInv RICAInv

pre-t CG-t ratio pre-t CG-t ratio

[s] [s] [s] [s]

TUBE1-2 0.8 2.0 0.415 0.08 3.41 0.023

NASASRB 3.0 13.7 0.219 0.2 13.9 0.014

TCASE 18.4 26.6 0.692 1.1 23.6 0.047

ENGINE 6.7 5.0 1.340 0.5 9.1 0.055

SBEAM 17.6 25.0 0.704 1.1 52.1 0.021

MODEL3 - - - 1.2 75.8 0.016

GRID w 53.0 69.4 0.764 2.3 152.8 0.015

GRID s 70.5 355.8 0.198 4.0 692.2 0.006

5 HPC2500
egfihgjlk monqpsr

tvuxw
y
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CG V(����� . ��^���M�N[�	��� ~�� Q��
�
�������� M�N ( M�N Grid s U�M�N Grid w) ����� . �D�{0} YKZ��R� , �a����� HPC2500 �D�
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15 U H 16 ¤�¥ ��¦�§©¨«ª�¬ .
}�

{
, ®�¯�°�±(�DQ�¥ � � , ��²�³�´[Q�U&d&Q	Y�¥��D�µ
, ¶3·K��M¸¤�¹&��Ya¥���ºK»¸¼
U ¨«½�¾
¬ � .

H�¿
QKS�T�Q&¶aÀR� ¬�Á
Â&Ã U ¬ � .



�
15: bec�� 81h�� @&z#{ (SAINV),

81h
Grid s

Thread HPC2500 p5/595

1.3GHz 1.56GHz 2.08GHz 1.9GHz��������	�
�¯�V��
����V� �����V�
1 - - - 5226

2 - 4480.9 4598.6 2722

4 - 3293.8 2445.9 1463

8 - 1736.4 1748.5 762

16 - 977.0 986.6 426

32 401.7 700.5 520.3 -

64 318.4 450.1 - -

126 289.2 254.4 - -

�
16: bec�� 81h�� @&z#{ (SAINV),

81h
Grid w

Thread HPC2500 p5/595

1.3GHz 1.56GHz 2.08GHz 1.9GHz��������	�
�¯�V��
����V� �����V�
1 - - - 965.4

2 - 767.6 755.2 515.5

4 - 555.2 420.1 305.2

8 - 328.9 391.1 180.3

16 - 210.3 210.8 122.3

32 133.0 178.1 129.6 -

64 121.3 126.1 - -

126 115.8 92.2 - -

6
��� ���

RIC(tol) #������������ ��!!��� "�#%$'&!(�)+*,.-0/ ��# &!(�1+132 CG 45276!8�9:$.;=<�>@?�A
<'B . ?!AC<'B RIC(tol)AInv 6�8!95D , (i) 6�8!9�"
#E2�F!GE�'HI)�*7J�K�L7M�N+2 SAInv 6�8!952 , 1OEP�QSR+T >VU7WIX , (ii) Y!#�&�(52 , 172 CG 4E2Z![ \ L^]�_�`C< , (iii) Y�#5a�bc�ed�fhgji , k�l7m
_52en�oEpeb+q Z![ < , a�b�r�s+L3tvuv) - ,

T%w 2- >Vx y�2ez�{�Be|�}%$�~I)+*I� , L!fvyE�^B .��� 2��!�cD , (i)16 �������S$.�E�I* O / T�� b
���^�c��q�2 \I����� , (ii) ��� T��^� 2�� �52e�v6
8�9�2 \�� 23�!��$7)E*�� , , �c<'U (iii) 6�8 9v"
#52eF�G�� �52�Y�#�` T%w q� v* .
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